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Abstract. We analyze Auslander-Reiten components for the bounded 
derived category of a finite-dimensional algebra. We classify derived 
categories whose Auslander-Reiten quiver has either a finite stable com- 
ponent or a stable component with finite Dynkin tree class or a bounded 
stable component. Their Auslander-Reiten quivers are determined. We 
also determine components that contain shift periodic complexes. 



1. Introduction 

In this paper we analyze the Auslander-Reiten triangles in the bounded 
derived category of a finite-dimensional indecomposable algebra A, denoted 
by D'^[A). The bounded derived category of a finite-dimensional algebra is 
a triangulated category and Auslander-Reiten triangles are triangles with 
analogous properties to Auslander-Reiten sequences for finite-dimensional 
algebras. The conditions for the existence of such triangles in D^{A) have 
been determined by Happel in |H2| . 

Analogously to the classical Auslander-Reiten theory, which applies to 
Artin algebras, we can define Auslander-Reiten components of the bounded 
derived category. These are locally finite graphs, where the vertices corre- 
spond to indecomposable complexes in D^{A). We want to know how and 
if certain results on finite and dimension-bounded Auslander-Reiten compo- 
nents of finite-dimensional algebras extend to the bounded derived category. 

In the second section we give a brief introduction to derived categories 
and we introduce Auslander-Reiten triangles as defined by Happel in |Hlj . 
In the third section we deduce some properties of Auslander-Reiten triangles 
that will be used in the other sections. 
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In the fourth section we classify the bounded derived categories that 
have either a stable finite Auslander-Reiten component, a stable Auslander- 
Reiten component with finite Dynkin tree class or a stable bounded Auslander- 
Reiten component. In all these cases the Auslander-Reiten quiver is de- 
scribed completely. Also components with shift periodic modules are deter- 
mined. 

In the classical Auslander-Reiten theory finite components occur if and 
only if the algebra has finite representation type. We show that finite stable 
Auslander-Reiten components occur for D'^{A) if and only if A is simple. In 
this case each component of the Auslander-Reiten quiver is isomorphic to 

In the classical Auslander-Reiten theory we call an Auslander-Reiten com- 
ponent bounded if the dimension of the modules appearing in this com- 
ponent is bounded. Motivated by this definition, we introduce bounded 
Auslander-Reiten components for the bounded derived category and show 
that the following are equivalent 

1) The bounded derived category of A has finite representation type, i.e. 
has only finitely many isomorphism classes of indecomposable objects up to 
shift; 

2) There is a stable component with finite Dynkin tree class; 

3) There is a bounded stable component. 

In this case, the Auslander-Reiten quiver consists either only of one com- 
ponent Z[T] with T ^ Ai a finite Dynkin diagram, or of infinitely many 
components Ai. 

In the first case A is derived equivalent to kT, which is a hereditary algebra 
of finite representation type. In the second case A is simple. Finally we 
introduce shift periodic complexes in analogy to periodic modules. Possible 
tree classes for derived categories with shift periodic complexes are deduced. 
We show that their Auslander-Reiten quiver is either Z[T] with T a finite 
Dynkin diagram or the component containing the shift periodic complex has 
tree class ^oo- 

I would like to thank my supervisor Dr Karin Erdmann for reading this 
paper. I am also grateful to Prof. Dieter Happel and Prof. Bernhard Keller 
for useful discussions and comments. Special thanks are due to the referee 
who read this paper very carefully and made many useful suggestions. 
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2. Preliminaries and Notation 

Let A denote a finite-dimensional indecomposable algebra over a field k 
and A-mod the category of finite-dimensional left A-modules. We denote 
by V the full subcategory in A-mod of projective modules and I the full 
subcategory of injective ^d-modules. Let C E {A-mod, V, Z}. 

Then Comp*'^ {C) are the complexes that are bounded above if * = — , 
bounded below if * = + and bounded if * = 6. The homology is bounded if 
? = 6. We denote by D^{A) the bounded derived category and by K*'^ {C) 
the homotopy category. 

Contractible complexes and homotopic to zero maps are related as stated 
in the following well-known result. 

Lemma 2.1. Let f : X Y be a map of complexes. 

(1) The map f is homotopic to zero if and only if f factors through a 
contractible complex. 

(2) The projection p : cone(/) — )■ X[l] is a retraction if and only if f is 
homotopic to zero. 

The homotopy category and the derived categories are triangulated cate- 
gories by [Weil 10.2.4, 10.4.3] where the shift functor [1] is the automorphism. 
The distinguished triangles are given up to isomorphism of triangles by 

X ^ Y ^ cone(/) ^ X[l] 

for any morphism /. 

It is difficult to calculate the morphisms in the derived category of A- 
modules. The following theorem provides an easier way to represent them. 

Theorem 2.2. [Wei^ 10.4.8] We have the following equivalences of triangu- 
lated categories 

K-^\V) ^ ^ D^{A). 

We identify an A-module X with the complex that has entry X in degree 
and entry in all other degrees. By abuse of notation we call this complex 
X. A complex with non-zero entry in only one degree is also called a stalk 
complex. Note that A-mod is equivalent to a full subcategory of D^{A) 
using this embedding. 

Let be a left A-module and •••—)• Pi ^ Pq ~^ A its minimal projective 
resolution. Let A^ — )• /q — > /i — t • • • be its minimal injective resolution. 
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Then we denote throughout this paper by pN the complex with (pNy := P_j 
and := dj,^ for i < and {pNy := for i > 0. Similarly we define iN to 
be the complex with (iA^)" := and := for n > and (iN)"' := for 
n < 0. 

Remark 2.3. Note that all indecomposable contractible complexes in Comp~'^{V) 
have up to shift the form 

for an indecomposable projective module P of A. We denote such a complex 
where P occurs in degree and 1 by P. 

Contractible complexes are projective in Comp~'^{J^) as the following 
lemma shows. 

Lemma 2.4. A contractible complex in Comp~'^{V) is projective. 

Proof. Let P be an indecomposable projective module and P the associated 
indecomposable contractible complex. By the previous remark, all con- 
tractible complexes are direct sums of shifts of such indecomposable com- 
plexes. Let / : C — > D be a surjective map of complexes in Comp~'^(V). 
This means that /* is surjective for all i G Z. Suppose there is a map 
g : P ^ D of complexes. Then we construct a map h : P ^ C as follows. 
Since P is projective, there is a map q : P ^ such that f^q = g^ . We 
then set := d^g and := q and /i* := for all other degrees. We 
visualize this in the diagram 



^ ^ P ^ P ^ ^ 




^ D-l ^ ^ £)1 ^ £)2 , 

Then /i is a map of complexes. Furthermore f^h^ = f^d^Qq = d^f^q = 
d%9^ = 9^ ■ This gives the proof. □ 

Finally we define for a complex X, the complex a-"'{X) to be the complex 
with (7^"(X)^ := X' for i < n and d^<„(^) := d^x iov i < n and a^'^iXf := 
for i > n. We define a-^{X) analogously. 
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Next we introduce Auslander-Reiten theory for triangulated categories. 
We state the existence conditions for Auslander-Reiten triangles in the 
bounded derived category of a finite-dimensional algebra and prove some 
properties that will be needed in the other sections. 

For an introduction to triangulated categories we refer to \H.1\ 1. 1.1]. Let 
7" be a triangulated category with translation functor T. 

Definition 2.5. |HH 1.4.1] [Auslander-Reiten triangles] A distinguished tri- 
angle X ^ Y ^ Z ^ TX is called an Auslander-Reiten triangle if the 
following conditions are satisfied: 

(1) The objects X, Z are indecomposable 

(2) The map w is non-zero 

(3) If f : W ^ Z is not a retraction, then there exists f':W^Y such 
that vf = f. 

We introduce the following conditions. (3') If / : X — )• is not a section, 
then there exists f':Y^W such that f'u = f. 

(3") If / : — )■ Z is not a retraction, then wf = 0. 

By |HH 1.4.2] we have that the condition (1)-|- (2)-|-(3) is equivalent to 
the condition {!)+ (2)+ (3') and also to the condition {!)+ {2)+ (3"). 

The condition (2) is equivalent to 
(2') The map u is not a section. 
(2") The map v is not a retraction. 

We refer to w as the connecting homomorphism of an Auslander-Reiten 
triangle. We say that the Auslander-Reiten triangle X — )■ y — )• Z — > TX 
starts in X, has middle term Y and ends in Z. Note also that an Auslander- 
Reiten triangle is uniquely determined up to isomorphisms of triangles by 
the isomorphism class of the element it ends or starts with. The Auslander- 
Reiten translation r is defined as the functor on the set of all isomorphism 
classes of indecomposable objects that appear at the end of an Auslander- 
Reiten triangle to the set of indecomposable objects that appear at the start 
of an Auslander-Reiten sequence. Then r sends the isomorphism class of Z 
to the isomorphism class of X. 

The Auslander-Reiten translation of ^-mod will be denoted by ta_ in this 
paper to avoid confusion. 

Analogously to the classical Auslander-Reiten theory we can define irre- 
ducible maps, minimal maps, left almost split maps and right almost split 
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maps as in |ASSt IV. 1.1, IV. 1.4]. Irreducible maps here have the same prop- 
erties as in the case of Artin algebras, (see \ASS\ IV.1.8, IV.1.10]) 

Lemma 2.6. Let N, M G T and let f : N M be an irreducible map in 
D\A). 

(1) Let N Q ^ E ^ TN he the Auslander-Reiten triangle, then there 
is a retraction s : Q ^ M such that f = sg. 

(2) Let L ^ B \ M ^ TL he an Auslander-Reiten triangle, then there 
is a section r : N ^ B such that f = hr. 

Let from now on k be an algebraically closed field. If T is a Krull-Schmidt 
category we define the Auslander-Reiten quiver to be the labelled graph 
r(T) with vertices the isomorphism classes of indecomposable objects. For 
two indecomposable objects X, Y there are dx,Y arrows from XtoY where 
dx,Y :=dimfcIrr(X,y). (see [HIl 1.4.7] and |Kl 2.7]) 

We call a connected component of r(T) an Auslander-Reiten component. 

From now on let T = D^{A). By [K, 2.6] we have that D^{A) is a Krull- 
Schmidt category. Therefore Auslander-Reiten components of D''{A) are 
well-defined. Using [K*, 2.6] combined with \Kr\ B.2] shows that Comp~'^{V) 
and Comp~^'^{X) are also Krull-Schmidt categories. They are full subcate- 
gories of the abelian category Comp{A) which are closed under direct sum- 
mands and extensions. We can therefore refer to for their Auslander- 
Reiten sequences. 

Lemma 2.7. [HI, 1.4.3, 1.4.5] Let X ^ M ^ Z TX be an Auslander- 
Reiten triangle and M = Mi © M2, where Mi is indecomposable. Let i : 
Ml M be an inclusion and p : M ^ Mi a projection. Then vi : Mi Z 
andpu : X M are irreducible maps. Furthermore u is minimal left almost 
split and v is minimal right almost split. 

Let i^A denote the Nakayama functor of A and let 

1^2^ := IIom^(IIomfc(-, 

We denote by v the left derived functor of ua on D^{A) and by the 
right derived functor of z^^^. Then u maps a complex X € Comp^iV) to 
v{X) G Comp^{Z), where v{Xy := va{X') and dj^^^^ := VA{d^j^) for all 
i e Z. 

The conditions for the existence of Auslander-Reiten triangles in a trian- 
gulated category have been determined in |VR1 1.2.4]. It is shown that a 
triangulated category admits Auslander-Reiten triangles, that is for every 
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indecomposable element X there is an Auslander-Reiten triangle that ends 
in X and one that starts in X, if and only if the category has a Serre functor. 

A specialization of this result is given in the next theorem for the case of 
D^A). 

Theorem 2.8. [H2l 1.4] (1) Let Z G K-^^{V) he indecomposable. Then 
there exists an Auslander-Reiten triangle ending in Z if and only if Z ^ 
K^{V). The triangle is of the form u{Z)[—l] Y ^ Z ^ ^{Z) for some 
Y G K-'\V). 

(2) Let X G K^'^iX) be indecomposable, then there exists an Auslander- 
Reiten triangle starting in X if and only if X ^ K^iT). The triangle is of 
the form X ^Y ^ u-^{X)[l\ X[l\ for some Y G K-'\V). 

From this result we deduce that the translation r is given by 1] and 
r is natural equivalence from K^(V) to K^(X). So every Auslander-Reiten 
triangle is isomorphic to 

y{X)[-l] coneH[-l] ^ X 4 ij{X) 

for X G K^{P) and some map w : X ^ ^{^)- 

Not all irreducible maps appear in Auslander-Reiten triangles. 

Lemma 2.9. Let f : B ^ C be an irreducible map in D^{A) that does not 
appear in an Auslander-Reiten triangle. Then B,C ^ K^{V) and B,C ^ 
K\l). 

Proof. By ES] and [22] it is clear that B K^{1) and C K^{V). Let 
us assume that B G K^(V) and let n G N be minimal such that B"" ^ 0. 
Then / factorizes through (T-"~^(C), where C is represented as a complex 
in Comp~'^{V). Let f = kg he this factorization, then g is not a section, 
as / is not a section and h is not a retraction as fT-"~^(C) ^ C. This 
is a contradiction to the fact that / is irreducible. Therefore B K^(V). 
Analogously, we can show that C K^iT). □ 

More results on these irreducible maps can be found in [HKRj . 
3. Auslander-Reiten triangles 

In this section we deduce some properties of Auslander-Reiten triangles 
and introduce stable components. The following lemma determines the re- 
lation between irreducible maps, retractions and sections in K~'^{V) and 
Comp^'^{V). Note that by duality the same is true if we replace K~'^{V) 
by K+'^(X) and Comp-^^{V) by Comp+^^{X). 
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Lemma 3.1. Let B,C G Comp~'^{V) he complexes that are not contractible. 
Let f : B ^ C be a map of complexes. 

(1) Let C,B be indecomposable. The map f is irreducible in Comp~''^{V) 
if and only if f is irreducible in K~'^{'P). 

(2) Let C he indecomposable. The map f is a retraction in Comp~'^{V) 
if and only if f is a retraction in K~'^{V). 

(3) Let B he indecomposable. The map f is a section in Comp~'^{V) if 
and only if f is a section in K~'^{V). 

Proof. We first give a proof of (2). Let / : i? — ?• C be a retraction in 
Comp~'^{V). Then / is clearly a retraction in K~'^(V). Let / be a retraction 
in K~-'^{V), then there is a map g : C ^ B such that fg is homotopic to idc- 
Therefore fg — idc factors through a contractible complex P via s : C ^ P 
and t : P ^ C. Then {t, /)("'') = idc- As C does not have a contractible 
summand, we have that fg is an isomorphism. The proof of (3) is analogous. 

We prove (1). Let / : S ^ C be an irreducible map in K~''^{V), then 
by (2) and (3) / is also an irreducible map in Comp^'^{V). Suppose now 
that / is irreducible in Comp~'^{V) and let gh be homotopic to / for some 
g : D ^ C and h : B ^ D. Then gh — f factors through a contractible 
complex P via s : B ^ P and t : P ^ C. So f = {g, —t) (^) factors through 
D © P in Comp~'^{V). Therefore (^) is a section in Comp'~'''{'P) or {g, —t) 
is a retraction in Comp~'^{V). This means that h is a section in K~'^{V) 
or 5 is a retraction in K'^^iV). Therefore / is irreducible in K~'''{V). □ 

We can therefore choose for an irreducible map in K~'''(V) an irreducible 
map in Comp~'^{V) that represents this map. For the rest of this paper all 
irreducible maps in K~'^{V) or K~^'^{I) will be represented by irreducible 
maps in Comp~'^{V) or Comp'^''^{X) respectively. 

Lemma 3.2. Let 

w:=O^E^C^P^O 

be an Auslander-Reiten sequence in Comp-^^{V). Then P G Comp^{V). 
We identify ^{P) with an indecomposable complex in Comp~'''{V). Then w 
is isomorphic to 

^ ^ cone(u;)[-l] ^ P ^ 0. 

Proof. We consider w G iJom^6(^)(P, £^[1]) and the distinguished triangle 
E ^ C ^ P ^ EW\ corresponding to the Auslander-Reiten sequence w. 
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As this sequence does not split, the map w is not homotopic to zero by 
[211 Let M G Comp-'^{V) and let / : M ^ P be a map in Comp-^^{V) 
representing a map in K^'^{V) that is not a retraction. Then / is not a 
retraction in Comp^'^{V) bv l3.1l and factors through a in Comp-'''{V). By 

E51 

E^C ^ E[l] 

is an Auslander-Reiten triangle. It follows from 12.81 that P G K^{V). As P 
is indecomposable, we have P G Comp^(V) and E = z^(P)[— 1]. □ 

The next theorem determines the relation between Auslander-Reiten tri- 
angles in D^(A) and Auslander-Reiten sequences in Comp~'^{V). The anal- 
ogous statement for self-injective algebras was given by [W,, 2.3, 2.2]. 

Theorem 3.3. Let P G Comp^{V) be an indecomposable complex that 
is not contractible. We identify ^{P) with an indecomposable complex in 
Comp~'^{V). Let w : P ^ ^{P) be a map in Comp~'^(V). Then 

^ i^{P)[-l\ cone(w)[-l] ^ P ^ 

is an Auslander-Reiten sequence in Comp^'^{V) if and only if w induces an 
Auslander-Reiten triangle in D^{A). 

Proof. Let w : P ^ ^{P) induce an Auslander-Reiten triangle in D^{A). 
We have an exact sequence 

^ v{P)[-l] cone(w)[-l] 4 P ^ 0. 

Furthermore v{P)[—l\ and P are indecomposable. Let M be a complex 
in Comp^'^{V) and let / : Af — )• P be a non-split map in Comp^'^{V). 
Then by 13.11 / is not a retraction in K~'^(V). Therefore there is a map 
/i : M — )• cone(w)[— 1] such that afi = / in K~'^{V). Then / — afi factors 
through a contractible complex P2. Let / — afi = gh where /i : M — t- P2 
and g : P2 ^ P. As P2 is projective in Comp~'^(V) by 12.41 there is a 
map s : P2 — > cone(t(;)[— 1] such that g = as. We set f' = fi + sh, then 
af = afi + ash = f. Therefore a is right almost split and the exact 
sequence is therefore an Auslander-Reiten sequence. Assume now that the 
exact sequence 

z^(P)[-l] cone(w)[-l] A P ^ 

is an Auslander-Reiten sequence. Then the statement follows from the proof 
of [3:21 □ 
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Note that if P € Comp^{V) is contractible, then there is no Auslander- 
Reiten sequence in Comp~'^{V) that ends in P, as contractible complexes 
are projective objects in Comp^'^{V) by 12.41 

We call an Auslander-Reiten component A stable, if all vertices appear 
at the start and at the end of an Auslander-Reiten triangle. By 12.81 this is 
equivalent to the fact that all vertices in the component are in K^iX) and 
K\V). 

The Auslander-Reiten quiver of D^{A) does not contain loops by |XZt 
2.2.1]. So we can apply Riedtmann's Structure Theorem |Ri[ p. 206]. 

Corollary 3.4. Let K he a stable Auslander-Reiten component of D^{A). 
Then A = Z[T]// where T is a tree and I is an admissible subgroup of 
aut{Z[T]). 

It is easy to see for which algebras stable components appear. 

Corollary 3.5. All complexes that appear in Auslander-Reiten triangles are 
contained in stable components if and only if A is Gorenstein. 

If A has finite global dimension, then the Auslander-Reiten quiver is a 
stable translation quiver. If A is self-injective and not semi-simple, then the 
stable Auslander-Reiten components are isomorphic to Z[Aoo] by [Wl 3.7]. 
The non-stable components have been determined in [HKRl 5.7]. 

4. Finite and bounded Auslander-Reiten components 

In this section, we determine the tree class of bounded and finite stable 
Auslander-Reiten components. We show that finite stable components can 
only appear if A is simple. Bounded stable components appear if and only 
if the representation type of D^{A) is finite. This is also equivalent to the 
fact that the Auslander-Reiten quiver has a component with tree class finite 
Dynkin. We describe the Auslander-Reiten quiver concretely in these cases. 

We start with the following easy lemma. 

Lemma 4.1. The following are equivalent: 

(1) There is a stable Auslander-Reiten component of D^{A) isomorphic 
to Ai; 

(2) The bounded derived category of A has an Auslander-Reiten triangle 
with middle term zero; 

(3) The algebra A is simple; 

(4) The Auslander-Reiten quiver of D^{A) is the union of infinitely many 
components Ai. 
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Proof. Obviously, part (2) follows from (1). If i^{X)[-l] ^0^X4 iy{X) 
is an Auslander-Reiten triangle, then w is an isomorphism. Also for all inde- 
composable objects M G D^{A) with M / X we have Hom£,6(^)(M, X) = 
and radEnd(X) = bv l2.5l (3). Let X be represented by an indecomposable 
complex in Comp^'^(V). Without loss of generality we assume that X° / 
and X* = for all i > 0. As X does not have contractible summands, the 
map is not surjective. Suppose ^ 0. Then there is a map h from 
the stalk complex of X^ to X in K^'^{V) given by = id^o. This map is 
non-zero in K~'^{V) as the map is not surjective. This gives a contra- 
diction. Assume now that X^ is not simple. Then there is a non-zero map 
from the stalk complex of the projective cover of socX" to X in K~'^{V) 
that is not an isomorphism. This gives also a contradiction. Therefore X^ is 
simple and projective. Furthermore va{X^) = X^ as w is an isomorphism. 
Therefore X^ is injective. By [Bl 1.8.5] we have that A is simple and X^ is 
the only simple module in A up to isomorphism. Therefore (3) follows from 
(2). Clearly (3) implies (4) and (4) implies (1). □ 

This lemma shows that if A is not simple then the stable Auslander- 
Reiten components are the components on which r is an automorphism. In 
Comp-'''{V) we have an analogous result. 

Lemma 4.2. The following are equivalent: 

(1) The category Comp~'^{V) has an Auslander-Reiten sequence with con- 
tractible middle term; 

(2) The algebra A is simple; 

(3) The Auslander-Reiten quiver of Comp~'^{V) is isomorphic to 



oo ■ 



Proof. (2) =^ (3),(1) Let A be simple and let S be the simple ^-module. 
Then S is projective and injective. Then by 14.11 the connecting homomor- 
phism w can be taken to be the identity. Let S be the associated contractible 
complex. The Auslander-Reiten sequence ending in 5 is then of the form 
— > 5'[— 1] — )• 5 — )• 5 — )• 0, where the map S ^ S \s given by 




and the map from Sf— 1] — > 5" by 
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^ ^ ^ S ^ — ^ ••• 

id 

y Y y " 

^ — ^ s — ^ s — ^ — ^ ••• 

id 

The Auslander-Reiten quiver of Co'mp~'^{V) is given by 

• • • 5[-2] ^ ^ S[-l\ ^ S ^ S ^ S[l] 

and is isomorphic to A^. Clearly (3) implies (1). 

(1) =^ (2) Suppose that Comp~'^{V) has an Auslander-Reiten sequence 
with contractible middle term. Then bv 13.21 and 13.31 there is an Auslander- 
Reiten triangle in K~'^{V) with trivial middle term. By the previous lemma, 
A has to be simple. □ 

Lemma 4.3. Let t{C) B C ^ r(C)[l] be a distinguished triangle in 
D^{A) and M an indecomposable element in D^{A). Then 

Hom(M, r(C)) ^ Hom(M, B) ^ Hom(M, C) 

and 

Hom(C,M) 4 Rom{B,M) 4 Hom(r(C),M) 

are exact. If the triangle is an Auslander-Reiten triangle then the following 
holds. 

(1) The map f* is infective if and only if M[l] ^ C; 

(2) The map g is infective if and only if M[—l] ^ t(C); 

(3) The map g* is surjective if and only if AI ^ C; 

(4) The map f is surjective if and only if M ^ t(C). 

Proof By [HI, 1.1.2(b)] the sequence Hom(M,r(C)) ^ Hom(M,S) ^ 
Hom(M, C) is exact. We assume from this point on that the considered 
triangle is an Auslander-Reiten triangle. Suppose there is an /i : M — )• t(C) 
such that fh = 0. Then by the axiom (TR3) of [Hl[ 1. 1.1] there is a map 
J : M[l] — )• C such that the following diagram of distinguished triangles 
commutes: 



M ^ ^ M[l] M[l] 







id 




j 


h[l] 



t{C) B C t{C)[1]. 
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If M[l] ^ C then wj = by [23] (3"). This forces h[l] = and therefore 
h = 0. So in this case /* is injective. If M[l] = C, then /* is not injective 
as 1] : M — )■ t(C) is mapped to zero. This proves (1). If M = C then 
12.51 (2") imphes that g* is not surjective. Surjectivity for M ^ C uses 12.51 
(3). This proves (3). 

The remaining cases are proven similarly. □ 

The following version of Lemma [B| 4.13.4] holds for our setup. 

Lemma 4.4. Let C and B he indecomposable complexes such that there is 
a non-zero map from C to B in D^{A) that is not an isomorphism. Suppose 
there is no chain of irreducible maps in D^{A) from C to B of length less 
than n. 

(1) Assume B lies in a component A of the Auslander-Reiten quiver of 
D^{A) such that all elements of A are in K^{V). Then there exists a chain 
of irreducible maps in A 

and a map h : C ^ with g"" ■ ■ ■ g'^h ^ in K-'^(V). 

(2) Assume C lies in a component A of the Auslander-Reiten quiver of 
D^{A) such that all elements of A are in K^(Z). Then there exists a chain 
of irreducible maps in A 

C ^ ^ > P"-i ^ 

and a map h : — > B with kg"- ■ ■ ■ g^ ^ in K^'^(I). 

Proof. We give a proof of (1) as the proof of (2) is analogous. The proof 

follows by induction on n. Assume first n = 1. Then there is no irreducible 

f I 

map from C to B. Let u{B)[—l\ E ^ B ^ ^{B) be the Auslander-Reiten 
triangle ending in B. By the assumption, there is a non zero map t : C ^ B, 
that is not an isomorphism. Therefore we have some a : C ^ E such that 
t = la. Let E := Ei with Ei indecomposable for all 1 < i < m. Then 

t = X^I^i some maps li : Ei ^ B and ai : C ^ E^. Clearly there 

exists an 1 < s < m such that l^Os ^ in K^{V) as t / in K^{V). By 
12.71 gi := Is is irreducible and Eg lies in A. Furthermore by the induction 
assumption ag is not an isomorphism as there is no irreducible map from C 
to B. We can therefore use the same argument in the induction step on the 
map ag. □ 
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We define certain length functions of complexes. Similar length functions 
have been defined for example in |Wj . We will use the following notation. 

Definition 4.5. We denote by 1^ the function that maps an element B € 
Comp^{A) to the length of a composition series of ©jg^-B*. For Y G 
Comp^{'P) we denote by 1{Y) the number of projective indecomposable sum- 
mands in ©jg^^^*. For X € K^{V) we denote by 

lp{X) := min{l(Y)\Y £ Comp\V) andY^X in K\V)}. 

We define analogously li for elements of K^iX) counting the number of in- 
decomposable infective modules. 

We call a stable Auslander-Reiten component A bounded if Ip and k take 
bounded values on A. 

A complex Y £ Comp''{V) with lp{X) = 1{Y) and Y ^ X in K\V) is 
called homotopically minimal in |Krl B2]. Krause also shows that such a 
homotopically minimal element to a complex is uniquely determined up to 
isomorphism of complexes. 

Note that Ip, Ic and k are defined for complexes of a stable Auslander- 
Reiten component of Also a bounded Auslander-Reiten component 
is always stable, as all elements in the component are both in K^{V) and 
K\l). 

Remark 4.6. Let K be a stable component. Then bu \3.^ every Auslander- 
Reiten triangle in A is isomorphic to 

t{P) cone(w;)[-l] ^ P 4 r(P)[l] 

where 

t{P) cone('u;)[-l] ^ P ^ 

is a short exact sequence in Comp^{V) and w : P ^ r(P)[l] is a repre- 
sentative in Comp^{V) of the connecting morphism. Then cone(w)[— 1] G 
Comp^{V). Therefore Ip satisfies /p(cone(tf)[— 1]) < lp{T{P)) + lp{P) with 
equality if and only cone(?i;)[— 1] does not have a contractible summand in 
Comp^{V). 

With exactly the same proof as in ^ 4.14.1] we have 

Lemma 4.7. Let Pq, . . . , P2"-i G Comp^{A) be indecomposable and assume 
that lc{Pi) < ri for all i. If the maps fi : Pi-i — ?> Pi are not isomorphisms 
/or 1 < i < 2" - 1, then /a^.i • • • /2/1 = 0. 
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Suppose / : C — > i? is a map in Comp~'^{V) that represents an irreducible 
map in K~'^{V), where C and B are indecomposable complexes. Then by 
13.11 f is irreducible in Comp^'^{V) and therefore / is not an isomorphism. 

We therefore have the following result. 

Corollary 4.8. Let Pq, . . . , P2"-i £ Comp^iV) be indecomposable such that 
lc{Pi) ^ n for all i. If the fi : Pj-i Pi are irreducible maps in K~'^{V) 
forl<i<2^-l, then /a^.i • • • /2/1 = 0. 

We can now determine some properties of bounded components. 

Theorem 4.9 (bounded components). Let K be a stable bounded Auslander- 
Reiten component of D^{A). We assume that A is not simple. Then A is 
the only component of the Auslander-Reiten quiver of D^{A). Furthermore 
A has finite global dimension and is of finite representation type. 

Proof. By assumption, there is an n G N such that lp{M) < n and li{M) < n 
for all complexes M G A. Let R, S & K~'^{V) be indecomposable complexes 
such that there are non zero maps g : R ^ N and / : M — )• /S in K^'^{V) for 
some A^, M G A. Let u := ndimyl. Suppose there is no chain of irreducible 
maps from R to N. Then by 14.41 part (1) there exists a chain of irreducible 
maps of length 2" in A that is not zero. This is a contradiction to 14.81 as Ic 
takes values at most -u on A. Therefore there is a chain of irreducible maps 
from R to N. So i? G A. Analogously S lies in the component A. For any 
complex M the connecting homomorphism li; is a non zero map from M to 
r(M)[l]. We also have that r(M) G A as the middle term of an Auslander- 
Reiten triangle is not trivial bv 14. li Therefore t{M),t{M)[1] G A. Thus 
the [1] shift acts on the component. 

Let A = ©"=1 Pi be a decomposition of A into indecomposable projec- 
tive summands Pj. Let C be an element of A. As [1] acts on A we can 
assume without loss of generality that there exists a non zero map / in 
D^A) from Pi to C for some 1 < i < n. Therefore Pj G A and as A is 
indecomposable we have Pj G A for all 1 < j < n. For all indecomposable 
elements X in K~'^{V) there is an G Z such that there is a non-zero 
map Pi — > X[s2;]. Therefore G A using the first part of the proof. 

As the [1] shift acts on the component, every indecomposable complex of 
D^{A) belongs to A. Therefore A is the Auslander-Reiten quiver. The stalk 
complex of an indecomposable ^-module U is in A. A stalk complex in 
D^{A) can be identified with a complex in K^{V) if and only if the stalk has 
a finite projective resolution. Therefore A has finite global dimension as all 
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indecomposable complexes in K~'^{V) are in K^{V). As the dimension of 
the indecomposable 74-modules are bounded, we know by [ARSj 1.5] that A 
has finite representation type. □ 

We can now determine finite components. 

Theorem 4.10 (finite components). Let K he a finite Auslander-Reiten 
component of D^{A) such that all elements in A belong to K^(V). Then A 
is simple and A is isomorphic to Ai. 

Proof. Suppose that A is not simple. As A is a finite component and all 
vertices of A are in K^(V), the translation r is an automorphism on A. 
Therefore the component A is stable and bounded. By 14.91 the shift [1] acts 
on A which is a contradiction, as A contains only finitely many vertices. 
Therefore A is simple and A is isomorphic to Ai bv 14.11 □ 

If A has finite global dimension then D\A) = K\V), and liTOl gives the 
next corollary. 

Corollary 4.11. Let A be a finite- dimensional indecomposable algebra of 
finite global dimension. Suppose that the Auslander-Reiten quiver of D^{A) 
has a finite component A, then A is simple. 

In the case of Comp~'^{V) there are no finite components. 

Corollary 4.12. There is no finite Auslander-Reiten component A of the 
Auslander-Reiten quiver of C omp~ {V) , such that all elements in A are in 
Comp^{V). 

Proof. Suppose A is a finite component such that all elements in A are 
in Comp^iV). By 13.31 we have that the corresponding Auslander-Reiten 
component in D^{A) is finite. Therefore A is simple bv 14.101 But bv 14.21 we 
have A = A"^ which is a contradiction to the finiteness of A. □ 

In analogy to the theory of algebras, we say that D^{A) has finite represen- 
tation type if and only if D^{A) has finitely many indecomposable complexes 
up to shift. We call an indecomposable complex X in a stable Auslander- 
Reiten component shift periodic, if there are m G Z, n G N such that 
r"'(X) = X[m]. If we have shift periodic modules in a component, we can 
construct subadditive functions. 

Let A and C be two Auslander-Reiten components of D'^{A). Then we 
denote by Hom£)i,(^)(C, A[i]) the union of Hom£)6(^)(M, N[i]) for all objects 
iV E A and M E C. 
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Theorem 4.13. Let C he a stable component of the Auslander-Reiten quiver 
of D^{A). Suppose there is a complex X G C that is shift periodic. Let T be 
the tree class of C, then T is a finite Dynkin diagram or A^o. 

(a) If T is a finite Dynkin diagram, then the Auslander-Reiten quiver is 
equal to C and D^[A) has finite representation type. 

(b) Suppose Q is a stable component of the Auslander-Reiten quiver of 
D^{A), that is not a shift of C . //t/ie sei Hom£,6(-^-)(C, Q[i]) or Hom£)b(^)((5[i], C) 
is non zero for some i € then the tree class of Q is either Euclidean or 
infinite Dynkin. 

Proof. Let n E N, m € Z be such that t"'(X) = We consider the 

following subadditive function for all M G C 

n 

d{M) := ^^dim,Hom^.(^)(T^(X),M[j]). 

i=i jez 

This function takes finite values as for two complexes L,N £ K^{V) the 
set Hom^6(-p^(L, N[s]) is non zero only for finitely many values of s G Z. 

Let t{D) ^ B a D ^ t{D)[-1] be an Auslander-Reiten triangle. BvlOl 
we have d{T[D)) + d{D) < d{B). As C contains the element X, the function 
d is a subadditive function that is not additive bv 14.31 (3). Therefore T is 
a finite Dynkin diagram or A^o by |HPR1 p. 289]. The shift [m] induces an 
automorphism of finite order on T as [m] commutes with r. Then we have 
for all complexes M £ C that M[l] = t\M) for some t G N and I £ Z. It 
follows that on each r-orbit of C, the length function Ip is bounded. If T is 
finite there are finitely many r-orbits and therefore C is bounded. Then C 
is the only component of the Auslander-Reiten quiver by 14.91 Furthermore 
D^{A) has only finitely many complexes up to shifts. 

Without loss of generality, let Hom£)6(^)(X, L) ^ for some L £ Q. We 
define d{M) as above for all M £ Q. Then d is an additive function bv 14.31 
on Q and therefore the tree class of Q is Euclidean or infinite Dynkin. □ 

Note that if we consider the Auslander-Reiten quiver of A then by |ARS1 
VII 2.1, VI 1.4] the Auslander-Reiten quiver has a finite component if and 
only if there is a component whose modules have bounded dimension. In 
this case A has finite representation type and the Auslander-Reiten quiver 
consists of only one finite component. The stable Auslander-Reiten quiver 
has then tree class a finite Dynkin diagram. 
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The analogous theorem for the Auslander-Reiten quivers of D''{A) that 
have bounded components is given next. 

Theorem 4.14. The following are equivalent: 

(1) The Auslander-Reiten quiver of D^{A) has a bounded component. 



(3) The Auslander-Reiten quiver of D^{A) has a stable component whose 
tree class is finite Dynkin. 

Proof (1) =^ (2) 

Let C be a bounded component. Let M S C be represented by an inde- 
composable complex in Comp''(V). There is an no G Z such that ^ 
and = for all i > hq. Take an indecomposable summand P of M"''. 
If P[— no] 7^ M there is a map '0 '■ ^[~^o] ~^ M induced by the embed- 
ding of P into M"o. This map is non-zero in D''{A), as M does not have 
contractible direct summands. By the proof of 14.91 we have P[— no] € C. 

If we represent all elements in C by indecomposable complexes in Comp^{V) 
then there is an n G N such that Ic takes values < n for all elements in C. 
By 14.81 every chain of irreducible maps of length > 2" is therefore zero. 

As P[— no] E C we know bv 14.41 that there is a chain of irreducible maps 
of length at most 2" that connects P[— no] and M. There are only finitely 
many elements in the component C that are connected to P[— no] by a 
chain of irreducible maps of length < 2". Therefore there are only finitely 
many indecomposable complexes L in D^{A) such that L"o contains P as a 
summand and = for i > uq. 

Therefore D'^{A) has finite representation type. 



^-module. Then the complexes a-^{pN) are indecomposable for all — n G N. 
If A'^ has infinite projective dimension, then they are pairwise non-isomorphic 
in K~'^{V) up to shift. The same holds for a module with infinite injective 
dimension if we consider a-''^{iN) for n G N. Therefore A has finite global 
dimension and all Auslander-Reiten components are bounded and stable. If 
there is a finite component then by I4.1UI the Auslander-Reiten component 
consists of copies of Ai . Otherwise the Auslander-Reiten quiver has only one 
component bv 14.91 This component then contains a shift periodic module. 
Therefore the tree class is finite Dynkin or A^o by HT31 As [1] acts as the 
identity on Aqo such a component can only occur if the representation type 



(2) The representation type of D^{A) is finite. 



(2)^ 
Let 
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of D^{A) is not finite. Therefore the Auslander-Reiten quiver consists of one 
component Z[r] where T is a finite Dynkin diagram. 

(3) =^ (1) 

Suppose now that D^{A) has a stable Auslander-Reiten component whose 
tree class T is a finite Dynkin diagram. We assume this component is not 
finite. Then there is a component isomorphic to Z[T] with tree class T a 
finite Dynkin diagram. Then T is either for n > 2, for n > 3, E'g, 
E^ or We index the vertices in Z[r] by pairs (t, i) where i ^"L denotes 
the i-ih. copy of T and t denotes the vertex of T. By 14.61 the function Ip is 
subadditive on stable Auslander-Reiten components. 

We assume that Ip is not additive for only finitely many Auslander-Reiten 
triangles. Then we can choose an / € Z such that Ip is additive for all 
Auslander-Reiten triangles with vertices {t,j) where j > I and t any vertex 
of T. We denote xt^i := lp{{t,i)). Let the values xtj be given for a fix j > / 
and all vertices t of T. 

If T = An then we can calculate the values of xtj+i from the left to the 
right as follows: 



Xij ^ X2J ^ • • • s- Xn-l,j ^ XnJ 

Clearly this gives a contradiction as Ip cannot be additive on the Auslander- 
Reiten triangles ending in (n,j + l). Therefore Ip is not additive for infinitely 
many Auslander-Reiten triangles. 
If T = Dn we have the following 



X2,j - Xij 



X3,j -^IJ 





Then the values Xn,i are strictly decreasing for strictly increasing i > j. This 
is a contradiction as they have to be positive integers for all i G Z. 

For Eq, Ej and E^ we consider the following diagram. 
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X4 . 



2^3 



X2, 





In the case of Eq we have xqj^i = x^j — xij. If we consider we have 
xqj+i = X7J + X4j' — xij and x^j^i = x^j — xij. Finally for Eg we have 
xqj+i = xtj + X4j' — xij, a^Tj+i = a^sj + x^j — xij and a^8,j+i = a:^4,j ~ 2:1 j. 

In the case Eq we have by the same argument that XQj+i = —xij, in the 
case i?7 we have that X3j^20 = —X3j + x^j and for Eg we have xij+15 = 
— xij-. Those are negative values as —x^j + x^j = —x^j-i and we obtain a 
contradiction to the assumption that Ip is additive on all but finitely many 
Auslander-Reiten triangles in the component. 

As Ip is not additive for infinitely many Auslander-Reiten triangles in C, 
there have to be infinitely many complexes that are homotopic to zero in 
the Auslander-Reiten component of Comp^iV) that is associated to C by 

As there are only finitely many indecomposable complexes homotopic to 
zero in Comp^{V) up to shift by 12.31 we deduce that a shift [m] induces 
an automorphism on Z[r] for some m G N. Therefore Z[T] is a bounded 
component. □ 

Note that we only require one component to be bounded or to have tree 
class a finite Dynkin diagram in order to deduce that the representation 
type of D^{A) is finite. 

We can describe the Auslander-Reiten quiver and derived category more 
precisely in the case of the previous theorem. Note also that not all bounded 
components need to be finite as it is the case for the Auslander-Reiten quiver 
of an algebra. 



Theorem 4.15. Let one of the conditions of \4-14\ true. Then A is either 
simple and the Auslander-Reiten quiver of D^{A) consists of countably many 
copies of Ai or the Auslander-Reiten quiver consists of one component 7L\D\ 
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where D is a finite Dynkin diagram and D ^ A\. In the second case A is 
derived equivalent to kD. 

Proof. Suppose the bounded component is finite, then the first case holds by 
14.31 If the bounded component is not finite then bv 14. 91 the Auslander-Reiten 
quiver consists of only one component which needs to be Z[D] for D a finite 
Dynkin diagram and D ^ Ai bv 14.141 As D^{A) is of finite representation 
type, it is discrete in the sense of [Vi 1.1]. By |BGS1 Theorem A,B] the 
algebra A is derived equivalent to kQ where Q is a finite Dynkin diagram. 
By [HTI 1.5.5] we have Q = D. Then D\kQ) ^ D\kD) by (Hll 1.5.6], 
which proves the theorem. □ 

Now we know that there is only one Auslander-Reiten component ii D ^ 
Ai. Let To be the set of isomorphism classes of indecomposable objects in 
D^{A). Then we cah D''{A) locally finite if X^Mero dim/c Hom^i,(^)(M, iV) 
is finite for all N G Tq. So using \X^Z\ 3.1.6] we have that D^'^A) is locally 
finite if and only if A is derived equivalent to an hereditary algebra of finite 
representation type. 
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